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f: A sequence
of real numbers

written (an) or Canine 1
is an

ordered list of real numbers

a
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, 93 ,
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Note : The sequence
can start from an

index that isn't 1 ,
for example you

can have Cand giving an
,

ag ,
94 ,
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:an = t
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Ex: an = (- 1)

Sequence : -1
,

1
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,
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Def: A sequence
of real numbers (an)

is said toEnverge to a limit LEIR

if for every
real number 270 ,

there

exists a
natural number N such that

ifm,
N,

then lan-LkE

If this is the case,
we write him an

an-
L

or

If no
such exists ,

then we say that Can
diverges
-

⑭RE
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of N

,
but we won't do that.



Ex: Consider an = In .

Sequence : I, i titii..

It seems that the limit is L = 0
.

as.
Before we show that liv = 0

,
let's get

a feel for the definition .

With L = 0

"for every
240,

we
need to show :

there
exists NO where it,

N,

Il

then 1-01E



Let's say 2= = 0 .

001

Then if N = 1001 we have that

it, ,

then=

M

a

a
= 2
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Laim:iv t =

ref:
Let El 0.

Pick a natural number N where
N2

Then if n N we
have

that

↳⑮

E: If CER then line
c.

totLet an = c forla

&
36

set N = 1 .

Then if n I we
have↳



Ex: Consider an = (-1)"

·
hz ·

a

Fiis ·

as

Let's show that this sequence
diverges ,

that is ,
it has no

limit I

laim: an = (1) " diverges.

of: We prove
this by

contradiction.

suppose
(an) converges

to some
LEIR.

Let 2 = 1 .

Then Since
(-L there

must exist N

where if m > N then IG1"-2K1 .

sayl: Suppose
L4, 0.

Pick an
odd integer no

with no N.

Then ,
161

%
- 21 = 1 -1 -2) =

- (1 - 2) = 1 + 2, 1 = 3

↑

·
--

this distance is

(( - kn= 1)E↓ (1) - 1

I
with no N



We get a contradiction

ee2 : Suppose LO .

Pick an even integer me
with ReN .

Then

(((- 2) = (1 - 2) = 1 - 23) = E

↑ -
i

(-ye

& I
⑨

this distance is

iI 15-12 L)E

with ne > N

Again a contradiction

In either case we get a contradiction.

~

Mos ,
(12 diverges.



Ex: n= 1
.

Pret:

Let E70 .

Note that

-1 = In= It

- =
lan-1)

side commentary :

Thus,
I-11 < t. We need N

where if n > N

then .

Pick N so that
Na [So

,
need

n

Then if us, N we get
that

Pick No

-
I

in #

-



Theem: Limits of sequences
are unique.

that is
,

if Gian = L
,

and lim an = he
n+ x

then L = La

pret:

Let E70.

Since lim an = L
,

there exists N
,

where

n+ 1

if >,
N ,

then Ian-2 ,
1 < 9/2.

Since Lig an=La
there

exists Na where

if Ma, Ne
then 19 .

-be 1 >
3.

Pick some
m

with ma N ,

and Ma Ne .

This

4+ -

- -
-

-
- ! - - ---

-
picture

M can't

actually
L I ------

happen

2
,
-2/2 since

L ,
willI " g- it gives

S I

2qubut

L2 -

an idea

L2-E/z ------
----

of the
construction



Then,

12-bl = 14-amtam-hal
= (2 ,

- am) + (am - 4)

Einequality
= lam-2 , 1 + 1am-12)

-< &(2 + 9/2 = E

& N.my
,

Ni

We have shown that for any Exo

we have that 14-L2/ < E.

Thus
,

(4-hz) = 0.

So
,

L ,
- = 0.

Thus ,
L = La

#

-



↓

Lef : A sequence (an) of real numbers

is bunded if there exists a real

number M > O where lan/M for all n.

-

E

m
=
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·
az

at

·
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· 96
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#corem: If (an) converges,

then (an) is bounded .

Hot se (an) converges andlim an=

n +x

Pick E = 1.

Then there exists N where

if m,
N ,

then lan-211 .

So ifn> N ,
then

lan) = (an- 2 + 2) => (an- 2) + (4) >| + 1)

Let

i = maxElail ,
lan)

, ...,
lan-il ,

1 + 123

withN=-
-

· a4 · a GInS#This↓a



Then
,

lan1 * M for all n.

So
, (an) is bounded .

#

Hollary:If(a)is not bodis

Prof: Contrapositive of above theorem. #

(n')diverges.

Eof: We show the sequence an = nt is unbounded.

Suppose M3 O.

·
with n >M. ·

i

Pick an integer n E

--

Then,
n > M.

So
,

Ink M.

So, (n'l diverges.

FThus
,

(n2) cannot be

bounded by any MyO.

-



Algebraof sequences theorem :

Let (an) and (bn) be

convergent sequences with lim an = A
n+x

and limbn = B .
Let &EIR.

n+

Then :

& (da.) converges and Mindan
= A

② Cantbel Converges
and Himlantbel

= A+

③ Canbal converses
and lim abn = A

and be #0 for all no

① If B + 0

#The
(5) converges

with hi=

puf:

① If a = 0 then limdan =in
= 0

n +1

So assume
C # 0.

Let E70 .

Since an
-> A there exists N where

if n > N,
then Ian-Al >

If n > N then



(dan - cA) = (x))an - Al

< 11.
= E

So ifn&N,
then Idan-GA/E .

As,
can- A.

② Let [70 .

Since an- A there exists N
,

where

if M
, Ni ,

then 1an-Al
*/2.

Since bet B ,
there exists N2 where

if n > N2
,

then 16 . -B) > /2.

Let N = maxEN ,,
N23 .

If n >, N
,

then

(an+ bu) - (A + B)) = ((an A) + (be - B)

= (an - A) + (bu- B)

< 2 + 3

= E



Thus
,

an + but A + B .

-

⑤ Let E70 .

Note that

laube - ABl = lanbe - b. A + be A - AB)

= lanbe- bnA) + (beA- AB)

= (bn)(an - A) + (A)(bn- B)

Since (be) converges it is bounded so

there exists M70
where Ibu/ * M for all n.

Since an- A there exists N ,
where

if > N ,
then Ian-A)

Since but B there exists Na where

if ma, Ne then
Ibe-BlT

#isuseda

Let N = max & Ni ,
NeY

If n > N ,
then

lanba-AB) = (bullan-Al + 1A)(bu - B)



M.A)

=+
< E + E

= E
.

So if n > N then lambu-ABIE

carb
I- but 8

so this

Note that

i & for all r

defined

Since but B we can find N ,
where if



n > N ,
then 1bn-BI<

Thus ,
if n > N , then

↑
11bal-1P1) *

/be - B#I

implying
- 11bnl-1B)>

So if n > N ,
then

(B) < /bal < 3
Z
-

we
will use

this side

bel - w

Again since butB we can find N2 where

if n N2 then 1bn-BKEIBR

Let N = maxENi ,
N23.

Then if n>, N we have

It i=



= Tbl TB1bn-B)

St
B

inF
J = E

Thus if n > N
,

then 1-E .

So
,
be 5

-



&ef : Let (an) be a sequence
of real

numbers.
monotone increasing

We say that (an) is-

if an ant ,
for all n.

decreasing
monotone

We say
that Carl is-

if an an for all n.

-

We say
that (ael is monotone if it

monotone increasing
or

is either
decreasing

monotone

-
Ex: an = t Ex: an = C

EX : an = n

- %....↓
· %... -

-

&

I

&

&

I I
So its

00

monotone
monotone decreasing increasing and

monotone increasing So its monotone monotone

decreasing
So its monotone

monutine



-Monotone convergence theorem

Atis a bounded monotone sequence,

then (and converges .

Aerof: We will prove this for the case where

(an) is monotone increasing .

The monotone

decreasing case
is similar.

Since (an) is monotone increasing we know

that and ant ,
for all n.

Since (an) is bounded there exists

M30
where lankM for all n.

Let S = Gan/na, 1) = Gai ,
an

,
as ,

...
If (an)

o was

Let L = sup(s)
-

monotone

the decreasing

We know thatL
exists by

tha you'd
set

set S is bounded above [completeness
axiom because

L = inf(s)

by M.

We will show lim an = L.

n + x

Let E > 0.



By the inflsup theorem there exists

N where L-2 < anEL .

Since an is monotone increasing

we know and an for all nsN.

So if n> N
,

then

L- 2)an - a-
=L+ E

dai, an,
as,

... y

lan- L/ < E.

So if n >, N
,

then
-
because

L- 2)anLE

=



silicationto finding square roots

Tem: Let aso be a real number

Define the sequence
:

Then :

a
,
= any positive real number Tan+= (an+n) for n n

① Canine ,
converges

② his an = NaJ
③ lan-ala when

-

Proof :

-

① We need two claims first.

in(i): an a for 1,
2
-- a

Let n l .

def we
have Zan+= ant an

So ,
an-2anan+

+ a = 0.
By

x- 2an,X + a = 0 has a real root (x = an) .

Thus ,

So
,

the discriminant must be non-negative .I That is
,

4an-4a 0 . -So,
anti a



-↳Anti Jafor 11 .

from claim 1 :

anaLo~aimlil: And ant form CSo, an o

- and an - a 3 o

Let n2, 1 .

↓
Then,

An-ant
= an- a

--=

Thus, an AntiL
We have shown that

92 >
, 937, 947, as3 ,...

. .
. . . ,a > O

By the monotone convergence
theorem,

Cante ,

converges.

② Let L = liman

We know
an= Elant) for nl

Taking the limit of both sides gives

L = 2) + E)

So, 2 = 2 + a

Thus , " = a
.

AndSince
LO We must have =Fa.

We used and o - <30 .

This follows from HW problems]



③ Let n
,

2
.

Then
,

anda
↑ ↑
e an Ja=a&So,<a

Thus ,

02an-a = An-=

~anal



Ex: Let's approximate E
.

Here a = 2.

Set a ,
= 130

We have :

Error

az= E(l + z) = z = 1 .
5

(a = =(+ y)=
~ 1

,
416666 ...

-Fau = E(E + +) = 5

= 1 ,414215686... - 0
,
000004247799...

~ 3 ,
1897x1012

We get rapid convergence
here.

-



-

Llef: Let (and be a sequence
of real

Let n < nz <g
< y

<..

numbers .

be a strictly increasing sequence
of

natural numbers.

Then the sequence
(anali ,

given by

An, Ana > Angs Ana ...

subsequence
of (an

is called a

-
Ex :
-

sequence : 1
, tititi'tit.

requence
: t it t iss ..



Monotone subsequence theorem :

-

If Can) is a sequence
of real numbers ,

then there is a subsequence
of (an) that

is monotone .

A roof:

We say
that the moth term am is a

"peak"

of our sequence
if and an for all n > M.

-
Xm

I ............

-

eyel: Suppose (an) has infinitely many peaks.

Than listing the peaks by increasing
subscripts

of peaks :

we get a subsequence

Xm, XmaXmXmy
...

with m ,
< ma < Ms < My ...

So there is a monotonically decreasing

subsequence.

en:suppokahasfinitelymanessay

Otherwise defines ,
as follows.



Let the peaks be listed by increasing subscripts :

a
am, Ama ? ... Mr

Where XMr is the last peak.

Set S ,
= Mr + 1 .

is the term immediately after the
Thus, asi

last peak.

So
,

as
,

is not a peak.

Thus,
there exists as

with

as ,
< Esz

and S ,< S2.

Then again since Ase is not a peak there

and Sz < Sz
exists ass with Aga > As

Continuing in this way we get a subsequence

As
,
<Asa as Asy ...

with S < Sa < Sy < Sy ...

Thus
,

we have a monotone subsequence.

#
-



Buzano-Weierstrass:

Let (a n) be a
bounded sequence of real

numbers .

Then there exists a subsequence

that converges
sequence .

proti Let (an) be a
bounded

theorem

By the Monotone
subsequence

subsequence (an
exists a

monotone

there

Since (an) is a
bounded monotone sequence

it must converge by the monotone

#
theorem.

convergence-
G1/h is a

bounded sequence .

Ex : an =

1,-1 ,

1
,

-1
,

1-1 ,
1-1, ...

-

bounded sequence :

convergent subsequence : La 1
,

la la la Is /, ...



ef: Let (a) be a sequence
of real

We say that Can) is

numbers . if for every
270

Carchy Sequence
a

where if n
,

m >, N

there exists N>O

then lan-ankE .

M

am

[ I &

O

&

O

6

e

I

O

O

&

·...<E

-
N



# Chi=,

is Carchy .

20.

Pick N so that N

This makes
So if n

,
m >, N then

It- ) = (c) + Im
= t + t

= i + t
< E +

= E -

#



Therem : Let (an) be a sequence of

real numbers . Then
,

(an) converges

if and only if (an) is Carchy.

Ioutet (and be a
convergent sequence

an
= L

with his

Let E70 .

exists
N90

where
if

Then ,
there

m> N then
lam-11

Thus,
if n

,
m >, N ,

then

lan-am) = (an-2 + -am

= (a- 2) + 12- am)

= (an- 4) + 1am
- 4

22 + =

= E
.

So
,

(an) is Cauchy.



(8) Now suppose that (an) is Carchy .

By HW,
we get that (an) is bounded.

By Bolzano-Weierstrass
there exists

(and) that converges
a subsequence
to some LEIR.

Let E70 .

Since (an) is Cauchy ,

there exists

No where
if m

,
K,

N then

lam-aek
Since (Ania) converges

to L there

exists MN where I An/

Thus,

if n N we
get

(an- 2) = (an- ann+ ann
- 1)

= (an - an) + 1ann= 4)

< E + 3
= E .

Mus,
(an) converges

to 2.



⑫&
subsequenceCtheorem

Fort


